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Dynamical heredity from f(R)-bulk to braneworld: curvature dynamical
constraint and f(R)-unimodular gravity
Andre´ Martorano Kuerten∗
Independent researcher
Recently, Borzou et al. (BSSY) generalized the Shiromizu-Maeda-Sasaki (SMS) formula-
tion to f(R)-bulks. BSSY brane projected equation carries an additional stress tensor, besides
SMS correction for Einstein’s theory on the brane. If we change this perspective, by requiring
BSSY tensor in the geometrical side acting as f(R)-brane generator, it is possible to relate
f(R)-brane/bulk theories, by using curvature dynamical constraint (CDC), a concept that we
developed. Since that brane and bulk are f(R), 5/4D scalar curvatures also play a dynamical
role and, thus, a dynamical version to Gauss equation trace, or CDC, must be offered. We
will work yet in a specific case to obtain f(R)-unimodular gravity, formally identical with
obtained by Nojiri et al. (NOO). Therefore, two applications which consider cosmological
scenarios in f(R)-unimodular gravity with dark radiation correction will be offered.
I. INTRODUCTION
By following pioneer models [1–5], SMS provided projected Einstein equations onto 3-thin
braneworld [6, 7] from 5D bulk. If we choose anti-de Sitter bulk, Randall-Sundrummodel (RS) with
infinite extra dimension [3] can be obtained by using the structure of SMS. A lot of these ideas were
inspired on string theory advances since RS scenario can be gotten from Horava-Witten’s theory
[8]. SMS formulation gives two corrections for usual gravity theory: projected Weyl tensor Eµν and
high-energy term piµν . Object piµν must be considered in the early universe when the quadratic
matter-energy density would can overcome the brane tension [6]. Despite piµν changes 4D Ein-
stein’s theory in the matter-energy presence, Eµν modifies vacuum theory, for instance black holes
theories [9–12]. If we consider cosmological scenarios, both piµν and Eµν lead to corrections in the
Friedmann equation [13, 14], as also in the black hole metric with electromagnetic radiation [15].
Actually, Eµν generates an effective radiation on the brane (dark radiation), which its source can
be, for example, Schwarzschild-anti-de Sitter bulk [16]. This radiation can generate LTB branes, as
shown in [12]. Possible connection of Eµν and piµν with AdS/CFT duality can be seen in [17, 18].
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2On another hand, dynamical extensions for General Relativity are technicaly viables. Several
possible modifications are given by f(R) theories [19–24]. Such theories substitute Einstein-Hilbert
curvature term by a generalized form f(R), with least action principle yielding alternative field
equations. Dynamical scalar equation controlling an additional freedom degree is derived by taking
in account the trace of these field equations. Sometimes, this freedom degree is called of scalaron
field. We can recognize scalaron with inflaton field, since our gravity theory is like-Starobinsky:
f(R) = R+aR2 [25]. By considering F(R)-bulk and using SMS procedure, in [26], authors obtained
new tensor components on the brane: Qµν (BSSY tensor). This tensor carries F(R) functions and
together with Eµν and piµν establish the full correction in the Einstein equations. Cosmological
application is given in [26]. In Ref. [27], it has been analized topological braneworld black hole
with constant scalar curvature. Since trace of Qµν appears in the metric of topologically charged
black holes as effective cosmological constant on the brane, solutions have been studied by analising
classical tests of General Relativity in [28].
By wanting to developed some mechanism that makes the projection F(R) ⇒ f(R), we will
consider BSSY equations, as well as to announce additionally:
“if Qµν is in the left side, it generates an effective f(R)-theory on the brane”.
If we consider this assumption, brane-bulk scalaron equation is obtained naturally, in which
Q = Qµµ plays fundamental role. Since Q inherits the information of the F(R) functions, f(R)
solution of our mixed scalaron equation is directly influenced by the F(R) dynamics. There are
two stages to compute:
First : f(R)-brane can be obtained by expressing some particular equation to Q, where we do
not need the previous knowledge of F(R).
Second : if we choose some specific bulk, it implies an extra equation which reports, dynamically,
extrinsic with intrinsic curvature.
Second stage is necessary to find explicitly F(R)⇒ f(R). If taken in account the decomposition
Qµν = qµνQ, we will observe yet that BSSY theory implies f(R)-unimodular gravity, which is
formally identical with obtained in [29, 30]. Nowadays, unimodular gravity [31, 32] gives hope
to solve the cosmological constant problem [33, 34]. This problem emerges due to cosmological
constant value obtained from General Relativity or Quantum field theory, since each result does
not agree with each another. Key point is that unimodular gravity generates a cosmological constant
unrelated directly with the usual constant. Strictly speaking, we will show that our unimodular
gravity is obtained by applying traceless differential operator in f(R) 6= R. Taking in account
3Friedmann-Robertson-Walker (FRW) ansatz, finally, we will obtain cosmological expressions.
In the section 2 we will review quickly the f(R)-unimodular gravity and BSSY thin brane
formulation. Already in the section 3 we will promote our main ideas about effective f(R)-branes.
A general approach will be elaborate in the section 4, where we will obtain the f(R)-unimodular
gravity. In the section 5 we will conclude our study. In order to fix the notation, hereupon, {θµ},
with µ = 0, 1, 2, 3 [and {θa}, with a = 0, 1, 2, 3, 5] denotes a basis for the cotangent bundle on a
braneworld, embedded in the 5D bulk. Furthermore, {ea} is its dual basis and θa = dxa, when a
coordinate chart is chosen. Let n = na θ
a be a timelike covector field normal to the brane and y the
associated Gaussian coordinate. In particular, na dx
a = dy on the hypersurface defined by y = 0.
The brane metric qµν and the corresponding components of the bulk metric gab are in general
related by gab = qab + na nb. With these choices it follows that g55 = 1 and gµ5 = 0, the 5D bulk
metric
gab dx
a dxb = qµν(x
α, y) dxµ dxν + dy2. (1)
II. SHORT REVIEWS: f(R)-UNIMODULAR GRAVITY AND BSSY BRANE
FORMULATION
A. f(R)-Unimodular Gravity
The combination of f(R) theories with unimodular gravity has been done in [29, 30]. If we take
4D action given by
S =
1
κ24
∫
d4x
[√−g (f (R)−£) +£]+ Sfields, κ24 ≡ 8piG, (2)
and so, by varying it with respect to the metric, we obtain
RµνdRf(R)− 1
2
[f(R)−£] gµν + (gµν−∇µ∇ν) dRf(R) = κ24Tµν , (3)
where Sfields and £ are, respectively, physical fields action and Lagrange multipler function (for
details [29]). Still, g is the metric determinant and G is the usual Newton gravitation constant. We
will use the notation dR ≡ d/dR.
When S is varied by £, the called unimodular constraint
√−g = 1, (4)
is derived. In the Refs. [29, 30], have been shown several physical applications. For instance, in [29]
has been studied inflationary scenarios while Newton law behavior in [29, 30].
4If we want to derive f(R) theories [19–24] from (3), we must choice £ = 0, i. e.,
RµνdRf(R)− 1
2
f(R)gµν + (gµν−∇µ∇ν) dRf(R) = κ24Tµν , (5)
f(R) theories are scalar-tensor theories, in the sense that trace of (5) provides a scalar dynamical
equation:
[(R+ 3) dR − 2] f(R) = κ24T. (6)
Expression (6) has as source the stress tensor trace: T . For example, by putting f(R) = R+ aR2
in (6), it becomes (
−m2)R = m2κ24T, with m ≡ ±1/6a2. (7)
Therefore, curvature scalar R satisfies Klein-Gordon equation with associated mass m ≡ 1/6a2 and
source κ24T . Therewith, several authors sometimes have called R (or dRf(R)) of scalaron field.
If taken into account Friedmann-Robertson-Walker (FRW) metric and T = 0, expression (5)
yields (for details [23])
̥ ≡ 6H∂t∂tH + 18H2∂tH − 3 (∂tH)2 = −3m2H2, (8)
with H ≡ a−1∂ta being the Hubble function. Result (8) composes Starobinsky theory proposed in
1980 [25] and it is first Friedmann equation in this case. In the inflation epoch, ̥≃18H2∂tH ≃
−3m2H2, so that H ≃ H0 − (m2/6)(t− t0) leads to an inflationary scale factor a ≃ a0 exp[H0(t−
t0)− (m2/12)(t − t0)2] where H0 and a0 are defined in the start of the inflation t0.
Unimodular gravity [31, 32] is obtained by choosing f(R) = R in (3) and so getting its trace:
2£ = κ24T −R, such that we can rewrite (3) as follows
Rµν − 1
4
Rgµν = κ
2
4
(
Tµν − 1
4
Tgµν
)
. (9)
Taking the divergence of (9), we have
∇µGµν = 0 = ∇µTµν : ∂µ
(
R+ κ24T
)
= 0, (10)
which implies Λ(U) ≡ R + κ24T constant. If now we substitute T in (9), we obtain then the usual
Einstein theory given by
Rµν − 1
2
Rgµν = −Λ(U)gµν + κ24Tµν . (11)
Since Λ(U) does not related with cosmological constant found in Einstein theory, it is unrelated
to the vacuum energy regarded in Quantum field theory. Thus, unimodular gravity “solves” the
cosmological constant problem [33, 34].
5B. BSSY Brane Formulation
By generalizing RS model [2, 3], SMS obtained effective Einstein equations on thin braneworlds
[6, 7] (for a review [35]). In a similar way, BSSY equations [26] are obtained by taking Gauss
equations
Rabc
f = qf eqa
dqb
gqc
hRdghe + 2Kc[aKb]f , (12)
and Israel junction
Kµν = −1
2
k25
[
τµν +
1
3
(λ− τ) qµν
]
. (13)
Rdghe is the five dimensional Riemann tensor and Rabcf its four dimensional version. Kµν is the
brane extrinsic curvature in y = 0 where Kµν ∼ ∂yqµν at Gaussian coordinates. Equation (13) is
obtained if Z2-symmetry is assumed. 5D gravitation field equations taken by BSSY are
RabdRF(R) − 1
2
F(R)gab + (gab ⊟−DaDb) dRF(R) = κ25Tab, (14)
with 5D stress tensor given by
Tab = −Λ5gab + (−λgab + τab) δ(y). (15)
We have used the notation: dR ≡ d/dR. Da is covariant derivative with respect to bulk metric gab
and ⊟ ≡ DaDa. λ and τµν are, respectively, brane tension and stress tensor of fields on the brane.
The function δ(y) provides thin brane localization: y = 0. Original SMS formulation is derived by
taking F(R) = R in (14).
If we combine (12), (13) and (14), these equations yield the projected equations on the brane
[26]
Rµν − 1
2
Rqµν = Jµν +Qµν , (16)
where
Jµν = −Λ4qµν + κ24τµν +
6κ24
λ
piµν − Eµν . (17)
Jµν is the SMS stress tensor with piµν given by
piµν =
1
12
ττµν − 1
4
τµστ
σ
ν +
1
24
(3τσδτ
σδ − τ2) qµν , τ = τµµ. (18)
Object piµν represents a high energy correction while Eµν = qµaqνbCdacbndnc originates from 5D
Weyl tensor: Cdacb.
6Since Eµν is traceless, it behaves as an effective radiation on the brane, which carries informations
about the bulk geometry [6, 35, 36]. Several physical implications of Eµν are given in the Refs. [9–
18]. Λ5 is the bulk cosmological constant while the effective cosmological constant Λ4 is given
by
Λ4 =
1
2
k25
[
Λ5 +
1
6
k25λ
2
]
, with κ24 =
λ
6
κ45, (19)
where κ4 (κ5) is the four (five) dimensional gravitation constant. Randall-Sundrum model [3] is
obtained by taking in account Λ4 = 0, since that Λ5 < 0 from (19).
If we put F(R) = R in (14), we have Qµν = 0 in (16), such that the term Qµν acts as a
stress tensor on the brane providing new corrections besides SMS. Consequently, we have three
corrections in the Einstein equations for F(R) 6= R case. Explicitly, Qµν is given by
Qµν =
[
F (R)qµν + 2
3
DaDb (dRF)
dRF
(
δaµδ
b
ν + n
anbqµν
)]
y=0
, (20)
with F (R) being
F (R) = − 4
15
⊟ (dRF)
dRF −
R
10
(
3
2
+ dRF
)
+
1
4
F−2
5
⊟ (dRF) . (21)
We should note that Qµν encapsulates the F(R) effects on the brane.
By taking the trace of (16), we have
R = −Q− J , (22)
with
J = −4Λ4 + κ24τ +
6κ24
λ
piµ
µ and Q =
[
4F (R) + 2
3
DaDb (dRF)
dRF
(
δab + 4nanb
)]
y=0
. (23)
Null divergence requeriment becomes
∇µQµν = ∇µ
(
Eµν − 6κ
2
4
λ
piµν
)
, (24)
since that ∇µ (Jµν +Qµν) = 0. Onto a vacuum conformally flat bulk, we have ∇µQµν = 0, so
that we can identify Qµν as a kind of matter. Several approaches projecting f(R)-bulk in thin
braneworlds can be seen in the Refs. [38–40].
III. f(R)-BRANES AND CURVATURE DYNAMICAL CONSTRAINT
A. f(R)-branes
We have seen that F(R)-bulk yields an additional extra stress tensor in Einstein brane. Our
proposal is to create a mechanism in which F(R)-bulk generates an effective f(R)-brane.
7Instead to consider the original idea (16), we will require that Qµν operates on the left side of
(16) in the following way
G[f(R)]µν ≡ G[R]µν −Qµν = Jµν . (25)
Notation G
[f(R)]
µν denotes Einstein tensor component for some four dimensional f(R) theory. There-
fore, we can rewrite (16) and (25) as
Rµν − 1
2
Rqµν −Qµν = RµνdRf − 1
2
fqµν + (qµν−∇µ∇ν) dRf, (26)
RµνdRf − 1
2
fqµν + (qµν−∇µ∇ν) dRf = Jµν , (27)
with each respective trace, respectively, yielding
[(R+ 3) dR − 2] f(R) +R = −Q, (28)
[(R+ 3) dR − 2] f(R) = J . (29)
Expression (28) can be obtained directly of (29), by using (22). Equation (29) establishes a SMS
version to scalaron dynamical equation (6). Explicitly in the vacuum, we have not any difference
with scalaron theory without extra dimension. This result gives the information which scalaron
field does not explicitly affected by Eµν . If τ 6= 0, we must consider piαα.
If we want to obtain an effective f(R)-brane, let us consider (28). Since that
Q = Q(F(R(R))), (30)
with R(R) dictated by the Gauss equations trace (12):
R = R+K, with K = KabKab −K2, (31)
equation (28) can be rewritten as
Π[f(R)]f(R) +R =
[
2
5
Π[F(R)]F (R) + 3R
5
− (dRF)−1O (dRF)
]
y=0
, (32)
where we have used (23). O, Π[f(R)] and Π[F(R)] are respectively
O ≡ 2
3
(
δab + 4nanb
)
DaDb − 16
15
⊟, (33)
Π[f(R)] ≡ (R+ 3) dR − 2 and Π[F(R)] ≡ (R+ 4⊟) dR − 5
2
. (34)
8If we take the trace of (14), we obtain the 5D scalaron theory
Π[F(R)]F (R) = κ25T, (35)
so that Π[f(R)] (by (29)) and Π[F(R)] are, respectively, brane (bulk) scalaron operators. Thus,
expression (32) provides a relation between 5D scalaron theory with its 4D version. It is easy to
see that if we consider F(R) = R (Q = 0), then f(R) = R. This result gives the original SMS
theory.
Now, let us work non-trivial examples. If the equation 3dRf(R) = −Q is satisfied in (28),
we must solve (−RdR + 2) f = 1, which implies a “Starobinsky-Shiromizu-Maeda-Sazaki” brane
(SSMS brane). In fact
3dRf(R) = −Q : RdRf(R)− 2f(R) + 1 = 0 7→ f(R) = R+ aR2, (36)
with a an arbitrary constant. Therefore, SSMS brane can be represented by the equations
G[R+aR
2]
µν = Jµν = −Λ4qµν + κ24τµν +
6κ24
λ
piµν − Eµν , (37)
aR = −1
6
[
2
5
Π[F(R)]F (R) + 3R
5
− (dRF)−1O (dRF)
]
y=0
. (38)
Thus, hybrid theory which combines inflationary Starobinsky model with SMS theory is obtained
from (37) and (38). If a = 0, we recover SMS formulation. By using (37) and (38), we obtain
alternative forms to SSMS scalaron theory, i.e.,
∆
(−)
KGR = m
2J or R = −m2Q or ∆(−)KGQ = −J , (39)
with m2 ≡ 1/6a. ∆(±)KG ≡ ±m2 is the positive (negative) Klein Gordon operator.
Others two examples are given by
3dRf +R = −Q : RdRf = 2f 7→ f(R) = fR2 7→ ∆(+)KGR = −m2Q, (40)
3dRf − 2f = −Q : dRf = −1 7→ f(R) = −R+ c 7→ 2R +Q = 2c, (41)
where f = f0/R
2
0 and c are constants. In this stage, we do not work bulk theory. In the follows, we
will developed a mecanism which relates brane with bulk theories.
9B. Projecting F(R)⇒ f(R): Curvature Dynamical Constraint
By introducing the concept of curvature dynamical constraint (CDC), we will develop a mecha-
nism which provides an effective f(R)-brane from F(R)-bulk. Equation (31) will be called of curva-
ture geometrical constraint (CGC). CDC is necessary if we want to know explicitly the F(R)-bulk.
The philosophical idea is that if we require any gravitation theory with specific dynamics on the
brane, we must offer also a CDC besides CGC. For example, if we have a bulk with F(R) dynamics
which projects a f(R) dynamics on the brane, it is necessary to provide an extra relation between
the curvature objects.
It is convenient to define the objects Π
[f ]
∗ , Π
[F ]
∗ and Θ as follow
Π
[f(R)]
∗ ≡ Π[f(R)] + R
f
, Π
[F(R)]
∗ ≡ 2
5
Π[F(R)] +
3R
5F and Θ ≡
OdRF
dRF . (42)
With (42), the triad of equations (28), (29) and (35) assume the compact forms
Π[f(R)]f(R) = J , Π[f(R)]∗ f(R) = −Q and Π[F(R)]F (R) = κ25T, (43)
while (32) is rewritten as
Π
[f(R)]
∗ f(R) =
[
Π
[F(R)]
∗ F (R)−Θ(R)
]
y=0
. (44)
We are now ready to introduce the CDC concept.
Formally, CDC is obtained if the bulk scalaron term Π
[F ]
∗ F taken in y = 0, follows the prescrip-
tion [
Π
[F(R)]
∗ F (R)
]
y=0
= Π
[f(R)]
∗ f(R) + [D (R,K)]y=0 . (45)
If we put (45) in (44), we obtain
D (R,K) = Θ (R) . (46)
Object D (K, R) is some dynamical term relating the curvatute scalars. Therefore, (46) is our
generic CDC. Equation (46) relates only two dynamical variables, since CGC eliminates one of
them.
Let us elaborate an example which considers a
(R+ bR2)-bulk projecting a (R+ aR2)-brane.
By acting Π∗-operators on their respective theories, we have
Π
[R+aR2]
∗ f = 6aR and Π
[R+bR2]
∗ F = 1
5
[16b ⊟−bR]R. (47)
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If we take into account (47), (31) and so put them in (44), we obtain the following equation
6aR =
16b
5
R+
[
b
5
(
16⊟K+16DyDyR−R2
)− 2b
(1 + 2bR)OR
]
y=0
. (48)
We have used ⊟ = +DyDy and
Θ (R) = 2b
(1 + 2bR)OR. (49)
By comparing left/right sides of (48), we note the relation a = 8b/15. Since that [. . .]y=0 term is
equal to zero, we find explicitly our first CDC:
⊟K+DyDyR =
[
5
8 (1 + 2bR)O+
1
16
R
]
R. (50)
Our result can be formulate as follows: the projection
F (R) = R+ bR2 ⇒ f(R) = R+ (8b/15)R2,
which has the bulk/brane scalaron theories(
⊟−m25 −
1
16
R
)
R = 2
3
κ25m
2
5T and ∆
(−)
KGR = m
2
4J , (51)
contains the additional relation (50). It is viable to note that 5D/4D masses, associated with
5D/4D scalaron fields, are related by m25 = (3/5)m
2
4 = 3/16b.
Let us consider other possible projections which involve fR2/hR2-theories. Their Π∗-operators
acting on fR2/hR2 are
Π
[fR2]
∗ f = (6f+ 1)R and Π
[hR2]
∗ F = 1
5
[16h⊟+2− hR]R. (52)
If we take (52) and (47), and to consider their full combinations, posteriorly putting them in (44),
we obtain separately each projection with its respective CDC. In resume, we have
F (R) ⇒ f(R) Curvature Dynamical Constraint
hR2 ⇒ 8h15R2
(
⊟− 12h
)
K +
(
DyDy − 316h
)
R = 116
(
R+ 5
h
O
R
)
R
hR2 ⇒ R+ 8h15R2
(
⊟+ 18h
)
K +
(
DyDy +
1
8h
)
R = 116
(
R+ 5
h
O
R
)
R
R+ bR2 ⇒ 8b15R2
(
⊟− 58b
)K + (DyDy − 516b)R = 116 (R+ 10O1+2bR)R
R+ bR2 ⇒ R+ 8b15R2 ⊟K+DyDyR = 116
(
R+ 10O1+2bR
)
R
In what follows, we will obtain a generalized unimodular if taken into account a specific case.
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IV. EMERGENT f(R)-UNIMODULAR GRAVITY: Qµν = Q(R)qµν CASE
In the present section, we will explore the case: Qµν = Q(R)qµν . This decomposition is possible
if [
2
3
δaµδ
b
νDaDb + qµν
(
2
3
nanbDaDb − 4
15
⊟
)]
(dRF) = qµνO∗ (dRF) . (53)
In this specific case, we can rewrite (16) and (43), respectively, as
Rµν − 1
2
Rqµν = Jµν + qµνQ and Π[f(R)]∗ f(R) = −4Q. (54)
with Q given by
Q =
[
Θ∗ (R)− 1
4
Π
[F(R)]
∗ F (R)
]
y=0
, where Θ∗ ≡ (dRF)−1O∗ (dRF) . (55)
Before we obtain f(R)-unimodular gravity, let us understand the traceless Einstein tensor basics
for the case (54).
We will denote by the symbol ◦, the composition:
A◦µν ≡ Aµν −
1
4
Aqµν . (56)
for any generic tensor Aµν . We should note that A
◦
µν is traceless. By (54), we have the traceless
Einstein tensor:
R◦µν = J ◦µν . (57)
Expression (57) is obtained directly from tensor equation given in (54). It is easy verify that (57)
does not contain Λ4 predicted in SMS formulation, since q
◦
µν = 0. Therefore, we have two corrections
in the traceless stress-tensor: pi◦µν and E◦µν , which are
pi◦µν =
1
4
[
1
3
ττµν − τµστσν +
1
12
(
3τσδτ
σδ − τ2
)
qµν
]
and E◦µν = Eµν . (58)
In the vacuum, equation (57) is driven by Eµν 1, i.e.,
R◦µν = −Eµν . (59)
If we want to obtain f(R)-unimodular gravity on the brane, we must combine the equations (54)
and, posteriorly, to put Jµν in (27).
1
In the usual case: R
◦
µν = 0.
12
By performing the mentioned procedures, we derive generalized unimodular gravity:
∆◦µν (dRf) = R
◦
µν (dRf − 1) , (60)
with ∆µν ≡ ∇µ∇ν , so that ∆◦µν is our 4D traceless operator. Theory (60) is supplemented by the
equations (57). Mathematically, f(R)-unimodular gravity is stated by the pair:
[
R◦µν −∆◦µν
]
dRf(R) = R
◦
µν and R
◦
µν = J ◦µν . (61)
If f(R)→ R, left expression assumes right equation form.
Equations (61) are formally identical with (3). In fact, by taking the trace of (3) to isolate £
and, putting it in (3), we obtain (61) with κ24T
◦
µν instead of J ◦µν . Consequently, our result provides
corrections for NOO theory. For instance, let us consider ∆Tµν a deviation of (3). Since we have
now Tµν +∆Tµν , we find (
R◦µν −∆◦µν
)
dRf(R) = κ
2
4T
◦
µν +∆T
◦
µν . (62)
If we compare (62) with (61), we can identify ∆T ◦µν with pi
◦
µν and Eµν or, in general,
T ◦µν ∼ τ◦µν and ∆T ◦µν ∼
6κ24
λ
pi◦µν − Eµν . (63)
Therefore, ∆T ◦µν provides extra dimension signature if compared with NOO theory. On the vacuum,
any deviation can be speculated as dark radiation manifestation, since ∆T ◦µν ∼ −Eµν .
Similarly as has been done in the subsection II.A, we obtain from (57) the continuity relations
∇µJµν = 1
4
∂ν (J +R) = −∂νQ, (64)
in accordance with (22) and (24). If ∂µQ = 0, we have J + R = −4Q constant: c ≡ 4Λ(Q). By
isoling J and, posteriorly, by substituting it in (57), we obtain
G[R]µν = −Λ(Q)qµν + Jµν , with Λ(Q) ∼ Λ(U). (65)
Thus, being Q constant, we can identify it as the cosmological constant obtained from unimodular
theory, while the effective cosmological constant is Λeff4 ≡ Λ4 +Λ(Q).
Let us define A(R) as follows
A(R) ≡ dRf(R)− 1, (66)
so that A excludes f(R) = R model on the brane. Thus, expression (61) can be rewritten as
∆◦µνA = R
◦
µνA or R
◦
µν = J ◦µν =
1
A
∆◦µνA, for A 6= 0. (67)
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It is useful to define also the objects Ψµν and Φ:
Ψµν ≡ 1
A
∆µνA and Φ ≡ 1
3
[
2f
A
−R+ 4Q
A
]
. (68)
By rewriting (28) with (66) and, simultaneously, taking in account Ψµ
µ, we obtain
A = (Ψµ
µ)A = ΦA 7→ Ψ = Φ, (69)
such that our brane theory has been codificade in Ψµν . Therefore, if we know the information
contained in Ψµν , the pair [q
µν , ◦] generates the equations of our f(R)-unimodular gravity, i.e.,
∆◦µνA = Ψ
◦
µνA and A = ΨA. (70)
with Ψ◦µν = R
◦
µν . We stress that in general Ψµν 6= Rµν . Object Ψµν was defined in the following
way (68), by wanting that its traceless version coincides with R◦µν while its trace gives Φ 6= R. In
general Rµν = Ψµν + qµνϕ, with 4ϕ ≡ R− A−1A. If ϕ = 0, the inequalities change to equalities.
Let us work in vacuum. If τµν = 0, the objects to put in (70) are
Ψ◦µν = −Eµν and Ψ =
1
3
[
2f
A
−R− R
A
]
. (71)
First expression is obtained by comparing (59), (67) with definition of Ψµν , while second is gener-
ated by taking (22) in the vacuum. In the follows, we will apply the formulation developed here.
We will consider FRW ansatz, i.e.,
qµνdx
µdxν = −dt2 + a(t)2δijdxidxj , i, j = 1, 2, 3, (72)
with a(t) being the scale factor. δij is Kronecker delta component. Traceless gravity can be written
as follows
Rµν − 1
A
∆µνA =
1
4
qµν (R−ΨA) , (73)
where we have used (67), (70) and right expression of (71). If we consider (72) and, then, if we
take into account 00 and ii components, we deduce
3
∂t∂ta
a
+
∂t∂tA
A
=
1
4
(R−ΨA) = 2(∂ta)
2
a2
+
∂t∂ta
a
+
∂tA
A
∂ta
a
, (74)
which yields
[∂t∂t −H∂t + 2 (∂tH)]A = 0. (75)
On another hand, scalaron equation (right expression of (70)) provides
[∂t∂t + 3H∂t +Ψ]A = 0. (76)
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If we combine (75) with (76), we derive
2 [∂t − 2 (∂t lnA)]H = Ψ. (77)
Equation (77) is our guide to study universe expansion for generic case. Hubble function which
satisfies (77) is
H(t) = A2
[
C +
1
2
∫
Ψ
A2
dt
]
, (78)
with C constant.
Of course that H, A and Ψ of (78) must be compatible with R = 6(∂tH + 2H
2) obtained due
to definition of R, since A is given by (66). If we restrict (77) considering f(R) = R + aRn with
n ≥ 2 and, then, by taking vacuum brane and RS fine-tuning, we have[
∂t − 2 (n− 1)
(
∂tR
R
)]
H =
1
6naRn−1
[R+ a (2− n)Rn] . (79)
If we take yet SSMS brane, with n = 2 and m24 = 1/6a, and if consider too R = −4Q = 6(∂tH +
2H2), we will obtain from (79) our modified first Starobinsky-Friedmann equation:
̥ = m24Q. (80)
If we choice yet Starobinski bulk/brane, (80) yields
̥ = ̥bulky=0 , with ̥
bulk ≡
[
5
8 (1 + 2bR)O∗ −
1
4
(
⊟− 1
16
R
)]
R. (81)
In general ̥bulk∝Θ∗ − (1/4)Π[F ]∗ F , such that we can think ̥ as remnant from 5D scalaron field.
A. Cosmological Solutions
We have obtained formal aspects from the theory presented. Now, we will study two possible
cosmological solutions associated with it. In the first case, we will work the f(R) Starobinsky theory.
In the second application, we will investigate the NOO equation which governs the cosmological
evolution to obtain an example with dark radiation correction. We will choice the Starobinsky
scale factor for this and, by applying the method of the reconstruction, we will obtain which f(R)
generates it.
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1. f(R) Starobinsky theory
We have seen that the cosmological evolution in Starobinsky model satisfies the expression (80).
Let us rewrite (80) as follows
̥ = −3m24H2 −
3
2
ιm24∂tH. (82)
The object ι can assume the values 1 or 0. By comparing (82) with (8), if ι = 0 we recover the
Starobinsky theory without extra dimension while ι = 1 provides our correction. In inflationary
epoch we have ̥ ≃ 18H2∂tH, such that putting it in (82), we obtain the following solution
Hι± ≃ H0 −
m24
12
(t− t0)± m4
12
√
m24(t− t0)2 + 12ι. (83)
We must note that if ι = 0 we obtain the usual Starobinsky inflation for H0−. The scale factor
associated with HE± is given by
aι± ≃ a0 exp
[
H0(t− t0)− m
2
4
12
(t− t0)2 ± m4
24
(t− t0)
√
m24(t− t0)2 + 12ι
]
× exp
[
±m4ι
2
ln
(
m4
√
m24(t− t0)2 + 12ι+m24(t− t0)
)]
. (84)
Again, we recover the Starobinsky scale factor if a0−. Thus, (84) describes the cosmological evolution
in the inflation epoch for f(R) Starobinsky theory.
2. Starobinsky scale factor: application of the reconstruction method with dark radiation influence
We will assume the unimodular constraint for induced metric, i. e.,
√−q = 1, by taking the line
element as follows
qµνdx
µdxν = −a(τ)−6dτ2 + a(τ)2δijdxidxj , i, j = 1, 2, 3. (85)
In [29] has been shown that on this metric, the equation which governs the cosmological evolution
is given by
d2
dτ2
(dRf) + 2h
d
dτ
(dRf) +
(
6h2 + 2
d
dτ
h
)
(dRf) +
1
2a6
(ρ+ P ) = 0, (86)
with h(τ ) = a(τ)−1∂τa(τ ). Since we have a dark radiation correction given by ∆T
◦
µν = −Eµν , we
rewrite ∆ρ = −E00 and ∆P = −Eii in (86), where we will consider now ρ + ∆ρ and P + ∆P .
Usually, in the SMS brane/bulk, the dark radiation can be express as follows [42]
E00 = −qE
a4
and Eii = qE
3a4
, (87)
16
with qE the dark radiation tidal charge. Let us consider (87) generalized to
E00 = − qE
an
and Eii = qE
3an
. (88)
Therefore, (86) can be rewritten as
d2
dτ2
(dRf) + 2h
d
dτ
(dRf) +
(
6h2 + 2
d
dτ
h
)
(dRf) +
1
2a6
(ρ+ P ) =
qE
2
(
1
3an+4
+
1
an+12
)
. (89)
By following the Ref. [29], we will choice
H(t) = H0 − m
2
4
6
(t− t0) : a(t) = a0eH0(t−t0)−m24(t−t0)
2/12
t,t0≪H
−1
0≃ a0eH0(t−t0)+m24tt0/6, (90)
to obtain the f(R) gravity which generates (90). The quantities m4, t0 and H0 are arbitrary
constants. On the conformal time τ , where dτ = a(t)3dt, the scale factor and h(τ ) become
a(τ ) =
(N
2
)1/3
(τ − τ0)1/3 and h(τ ) = 1
3 (τ − τ0) , (91)
where we have used N = 6H0 +m2t0. As have been shown in [29], the values H0 = 0, 00000016,
m4 = 0, 053, t0 = 10
−3sec and a0 = 1 lead for the spectral index ns ≃ 0, 966, which is compatible
with the Planck result. By using (91) in (89) and considering ρ = 0 = P , we obtain
d2
dτ2
(dRf) +
2
3 (τ − τ0)
d
dτ
(dRf) =
qE
6
(
2
N
)n+4
3
[
1
(τ − τ0)
n+4
3
+
3 · 28/3
N 8/3 (τ − τ0)
n+12
3
]
. (92)
The equation (92) provides the following solution
dRf = 1 + 3 (τ − τ0)1/3 + 3qE
2
(
2
N
)n+4
3
[
(τ − τ0)
2−n
3
n2 − 3n + 2 +
6 · 28/3 (τ − τ0)
−n−6
3
N 8/3 (n2 + 13n + 22)
]
. (93)
We have taken the integration constants equal to one. The relationship between the conformal time
and the curvature scalar is given by [29]
τ − τ0 = 2 · 3
3/2
N 4 R
3/2. (94)
By putting (94) in (93), we obtain
dRf = 1 +
21/3 · 33/2
N 4/3 R
1/2 +
6 · 3(2−n)/2qE
N 4−n
[
R(2−n)/2
n2 − 3n+ 2 +
2N 8R−(n+6)/2
27 (n2 + 13n + 22)
]
. (95)
Finally, if we integrate (95) in R, we can find the f (R) theory which generates the scale factor
(91). Explicitly, we find
f (R) = R+
35/6 · 22/3
N 4/30
R3/2 + qE f˜ (R) , (96)
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with f˜ (R) given by
f˜ (R) =
36
3
n/2N 4−n
[
R−(n−4)/2
(4− n) (n2 − 3n + 2) −
2N 8R−(n+4)/2
27 (n+ 4) (n2 + 13n + 22)
]
. (97)
The NOO case is obtained simply by taking qE = 0.
Let us analyze specific situations of (97) for n ≥ 0. For instance, if n = 0 we have the theories
∼ R2 and ∼ −R−2. For n = 1, 2, 4, the first term in (97) diverges. Actually, if n = 4 we obtain
f (R) = R+
35/6 · 22/3
N 4/30
R3/2 +
qE
3
[
lnR− N
8
810
R−4
]
, (98)
by taking n = 4 in (95). We must note that for n ≥ 5, the first term becomes negative. Thus,
if qE > 0, our correction provides a negative contribution for NOO theory and, if qE < 0, this
contribution becomes positive. In the follows, we provide a table detailing some possible scenarios
for 0 ≤ n ≤ 9:
n f˜ (R) n f˜ (R)
0 36
N 4
(
1
8R
2 − 2N 82376R−2
)
6 −36N 2
33
(
1
40R
−1 + 2N
8
36720R
−5
)
3 36
3
3/2
N
(
1
2R
1/2 − 2N 813230R−7/2
)
7 −36N 3
3
7/2
(
1
90R
−3/2 + 2N
8
48114R
−11/2
)
4 13 lnR− N
8
2430R
−4 8 −36N 4
34
(
1
168R
−2 + 2N
8
61560R
−6
)
5 −36N
3
5/2
(
1
12R
−1/2 + 2N
8
29646R
−9/2
)
9 −36N 5
3
9/2
(
1
280R
−5/2 + 2N
8
77220R
−13/2
)
V. CONCLUSION
We have developed two different aspects associated with effective f(R) branewords. The first
has been general rules to create it from F(R)-bulk. By wanting to generate a “copy” of the bulk
dynamics, we have developed the CDC concept, in which geometrical reduction does not affect
dynamical structure of the left side, such that F(R) in 5D is fully analog to f(R) in 4D. Similar
idea to generate effective f(R)-brane was developed in [41], with projection stipulated by applying
CGC directly in F : F(R) = f(R+K). Thus, we have obtained a new dynamical projection class:
F(R) ⇒ f(R). As future study, must be found a physical principle which provides the correct
projection, as done in [43] to solve brane predictability problem.
In the second step, we have taken a specific case to obtain f(R)-unimodular gravity. We showed
that the derived equations are formally identical with obtained in [29]. Two applications were
18
obtained and a full study about these solutions will be examined in a future paper.
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